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We study the role that global and local non-Abelian symmetries play in two-dimensional (2D) lattice
gauge theories with multicomponent scalar fields. We start from a maximally OðMÞ-symmetric
multicomponent scalar model. Its symmetry is partially gauged to obtain an SUðNcÞ gauge theory (scalar
chromodynamics) with global UðNfÞ (for Nc ≥ 3) or SpðNfÞ symmetry (for Nc ¼ 2), where Nf > 1 is the
number of flavors. Correspondingly, the fields belong to the coset SM=SUðNcÞ where SM is the
M-dimensional sphere and M ¼ 2NfNc. In agreement with the Mermin-Wagner theorem, the system
is always disordered at finite temperature and a critical behavior only develops in the zero-temperature
limit. Its universal features are investigated by numerical finite-size scaling methods. The results show that
the asymptotic low-temperature behavior belongs to the universality class of the 2D CPNf−1 field theory for
Nc > 2 and to that of the 2D SpðNfÞ field theory for Nc ¼ 2. These universality classes correspond to 2D
statistical field theories associated with symmetric spaces that are invariant under SpðNfÞ transformations
for Nc ¼ 2 and under SUðNfÞ forNc > 2. These symmetry groups are the same invariance groups of scalar
chromodynamics, apart from a U(1) flavor symmetry that is present for Nf ≥ Nc > 2, which does not play
any role in determining the asymptotic behavior of the model.
DOI: 10.1103/PhysRevD.101.054503
I. INTRODUCTION
Non-Abelian gauge symmetries are known since long
time to describe fundamental interactions [1]. More recently,
it has been pointed out that they may also characterize
emerging phenomena in condensed-matter physics; see,
e.g., Refs. [2–6] and references therein. As a consequence,
the large-scale properties of gauge models are also of interest
in two or three dimensions.
We consider a lattice model of interacting scalar fields in
the presence of non-Abelian gauge symmetries, which may
be named scalar chromodynamics or non-Abelian Higgs
model. In four space-time dimensions, it represents a
paradigmatic example to discuss the non-Abelian Higgs
mechanism, which is at the basis of the Standard Model
of fundamental interactions. The three-dimensional model
may also be relevant in condensed-matter physics, for
systems with emerging non-Abelian gauge symmetries. Its
phase diagram and its behavior at the finite-temperature
phase transitions have been investigated in Refs. [7,8]. In
this paper, we extend such a study to two-dimensional (2D)
systems.
We consider a 2D lattice non-Abelian gauge theory with
multicomponent scalar fields. It is defined starting from
a maximally OðMÞ-symmetric multicomponent scalar
model. The global symmetry is partially gauged, obtaining
a non-Abelian gauge model, in which the fields belong
to the coset SM=SUðNcÞ, where M ¼ 2NfNc, Nf is the
number of flavors, and SM ¼ SOðMÞ=SOðM − 1Þ is the
M-dimensional sphere. According to the Mermin-Wagner
theorem [9], the model is always disordered for finite
values of the temperature. However, a critical behavior
develops in the zero-temperature limit. We investigate its
universal features for generic values of Nc and Nf ≥ 2, by
means of finite-size scaling (FSS) analyses of Monte Carlo
(MC) simulations.
The results provide numerical evidence that the asymp-
totic low-temperature behavior of these lattice non-Abelian
gauge models belongs to the universality class of the 2D
CPNf−1 field theory when Nc ≥ 3 and to that of the 2D
SpðNfÞ field theory for Nc ¼ 2. This suggests that the
renormalization-group (RG) flow of the 2D multiflavor
lattice scalar chromodynamics associated with the coset
SM=SUðNcÞ is asymptotically controlled by the 2D
Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.
PHYSICAL REVIEW D 101, 054503 (2020)
2470-0010=2020=101(5)=054503(13) 054503-1 Published by the American Physical Society
statistical field theories associated with the symmetric
spaces [10,11] that have the same global symmetry, i.e.,
SUðNfÞ for Nc ≥ 3 and SpðNfÞ for Nc ¼ 2.
The paper is organized as follows. In Sec. II, we
introduce the lattice non-Abelian gauge models that we
consider. In Sec. III, we discuss the general strategy we use
to investigate the nature of the low-temperature critical
behavior. Then, in Secs. IV and V, we report the numerical
results for lattice models with Nc ≥ 3 and Nc ¼ 2, respec-
tively. Finally, in Sec. VI, we summarize and draw our
conclusions. In Appendix, we report some results on the
minimum-energy configurations of the models considered.
II. MULTIFLAVOR LATTICE SCALAR
CHROMODYNAMICS
We consider a 2D lattice scalar non-Abelian gauge
theory obtained by partially gauging a maximally sym-
metric model of complex matrix variables φafx , where the
indices a ¼ 1;…; Nc and f ¼ 1;…; Nf are associated with
the color and flavor degrees of freedom, respectively.
We start from the maximally symmetric action
Ss ¼ −t
X
x;μ
ReTrφ†xφxþμˆ; Trφ
†
xφx ¼ 1; ð1Þ
where the sum is over all sites and links of a square lattice
and μˆ ¼ 1ˆ; 2ˆ denote the unit vectors along the lattice
directions. Model (1) with the unit-length constraint for
the φx variables is a particular limit of a model with a quartic
potential
P
x VðTrφ†xφxÞ of the form VðXÞ ¼ rX þ 12 uX2.
Indeed, it can be obtained by simply setting rþ u ¼ 0 and
taking the limit u→ ∞. In the following, we set t ¼ 1 for
simplicity, which amounts to an appropriate choice of the
temperature unit. It is simple to see that the action Ss has
a global OðMÞ symmetry, with M ¼ 2NfNc. Indeed, it can
also be written in terms of M-component real vectors sx
(which are the real and imaginary parts of φafx ) as
Ss ¼ −
X
x;μ
sx · sxþμˆ; sx · sx ¼ 1: ð2Þ
This is the standard nearest-neighborM-vector lattice model.
We proceed by gauging some of the degrees of freedom
using the Wilson approach [12]. We associate an SUðNcÞ
matrix Ux;μ with each lattice link [ðx; μÞ denotes the link
that starts at site x in the μˆ direction] and add a Wilson
kinetic term for the gauge fields. We obtain the action of the
2D lattice scalar chromodynamics defined by
Sg ¼ −Nf
X
x;μ
ReTrφ†xUx;μφxþμˆ −
γ
Nc
X
x
ReTrΠx; ð3Þ
where Πx is the plaquette operator
Πx ¼ Ux;1ˆUxþ1ˆ;2U†xþ2ˆ;1U
†
x;2: ð4Þ
The plaquette parameter γ plays the role of inverse gauge
coupling, and the Nf and Nc factors in Eq. (3) are
conventional. The partition function reads
Z ¼
X
fφ;Ug
e−βSg ; β≡ 1=T: ð5Þ
The lattice model (3) is invariant under SUðNcÞ gauge
transformations,
φx → Wxφx; Ux;μ → WxUx;μW
†
xþμˆ; ð6Þ
with Wx ∈ SUðNcÞ. For γ →∞, the link variables Ux
become equal to the identity (modulo gauge transforma-
tions); thus, one recovers the ungauged model (1), or
equivalently the OðMÞ vector model (2).
For Nf ¼ 1, the model is trivial. Because of the unit-
length condition, using gauge transformations we can fix
φx to any given unit-length vector on the whole lattice:
there is no dynamics associated with the scalar field. As we
shall see, multiflavor models with Nf ≥ 2 show instead a
nontrivial behavior.
After gauging, the residual global symmetry depends on
the number of flavors Nf and of colors Nc. For Nc ≥ 3,
model (3) is invariant under the transformation
φx → φxV; V ∈ UðNfÞ; ð7Þ
thus, it has a global UðNfÞ=ZNc symmetry, ZNc being the
center of SUðNcÞ. As discussed in Ref. [8], whenNf < Nc,
φx → eiθφx ð8Þ
can be realized by an appropriate SUðNcÞ local trans-
formation. Thus, the actual global symmetry group reduces
to SUðNfÞ.
For Nc ¼ 2, model (3) is invariant under the larger group
SpðNfÞ=Z2, where SpðNfÞ ⊃ UðNfÞ is the compact com-
plex symplectic group; see also Refs. [2,7,8,13,14]. Indeed,
if one defines the 2 × 2Nf matrix field,
Γafx ¼ φafx ; ΓaðNfþfÞx ¼
X
b
ϵabφ¯bfx ; ð9Þ
where f ¼ 1;…; Nf, ϵab ¼ −ϵba, ϵ12 ¼ 1, the action (3) is
invariant under the global transformation
Γalx →
X2Nf
m¼1
Γamx Yml; Y ∈ SpðNfÞ: ð10Þ
We recall that the compact complex symplectic group
SpðNfÞ is the group of the 2Nf × 2Nf unitary matrices Usp
satisfying the condition
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UspJUTsp ¼ J; J ¼

0 −I
I 0

; ð11Þ
where I is the Nf × Nf identity matrix.
III. UNIVERSAL FINITE-SIZE SCALING
We exploit FSS techniques [15–18] to study the nature of
the asymptotic critical behavior of the model for T → 0. For
this purpose, we consider models defined on square lattices
of linear size L with periodic boundary conditions.
We mostly focus on the correlations of the gauge-
invariant variable Qx defined by
Qfgx ¼ Pfgx − 1Nf
δfg; Pfgx ¼
X
a
φ¯afx φ
ag
x ; ð12Þ
which is a Hermitian and traceless Nf × Nf matrix. The
corresponding two-point correlation function is defined as
Gðx − yÞ ¼ hTrQxQyi; ð13Þ
where the translation invariance of the system has been taken
into account. We define the susceptibility χ ¼PxGðxÞ and
the correlation length
ξ2 ¼ 1
4sin2ðπ=LÞ
G˜ð0Þ − G˜ðpmÞ
G˜ðpmÞ
; ð14Þ
where G˜ðpÞ¼Pxeip·xGðxÞ is the Fourier transform ofGðxÞ
and pm ¼ ð2π=L; 0Þ. We also consider the quartic cumulant
(Binder) parameter defined as
U ¼ hμ
2
2i
hμ2i2
; μ2 ¼
1
V2
X
x;y
TrQxQy; ð15Þ
where V ¼ L2.
To identify the universality class of the asymptotic zero-
temperature behavior, we consider the Binder parameter U
as a function of the ratio
Rξ ≡ ξ=L: ð16Þ
Indeed, in the FSS limit, we have (see, e.g., Ref. [19])
Uðβ; LÞ ≈ FðRξÞ; ð17Þ
where FðxÞ is a universal scaling function that completely
characterizes the universality class of the transition.
Equation (17) is particularly convenient, as it allows us
to check the universality of the asymptotic zero-temper-
ature behavior without the need of tuning any parameter.
Corrections to Eq. (17) decay as a power of L. In the case
of asymptotically free models, such as the 2D CPN−1 and
OðNÞ vector models, corrections decrease as L−2, multi-
plied by powers of lnL [19,20].
Because of the universality of relation (17), we can
use the plots of U versus Rξ to identify the models that
belong to the same universality class. If the data of U for
two different models follow the same curve when plotted
versus Rξ, their critical behavior is described by the same
continuum quantum field theory. This implies that any
other dimensionless RG invariant quantity has the same
critical behavior in the two models, both in the thermo-
dynamic and in the FSS limit. An analogous strategy was
employed in Ref. [19] to study the critical behavior of the
2D Abelian-Higgs lattice model in the zero-temperature
limit.
The asymptotic values of FðRξÞ for Rξ → 0 and Rξ → ∞
correspond to the values that U takes in the small-β and
large-β limits. For Rξ → 0, we have
lim
Rξ→0
U ¼ N
2
f þ 1
N2f − 1
; ð18Þ
independently of the value of Nc. The large-β limit is
discussed in Appendix. ForNc ≥ 3, we have simplyU ¼ 1.
In the following, we study the large-β critical behavior of
lattice scalar chromodynamics for several values of Nf
and Nc. We perform numerical simulations using the same
upgrading algorithm employed in three dimensions [7,8].
The analysis of the data of U versus Rξ outlined above
allows us to conclude that the critical behavior only
depends on the global symmetry group of the model.
For any Nc ≥ 3, the critical behavior belongs to the
universality class of the 2D CPNf−1 field theory. Indeed,
the FSS curves (17) for the model (3) agree with those
computed in the CPN−1 model (we use the results reported
in Ref. [19]). For Nc ¼ 2, instead, the critical behavior
is associated with that of the 2D SpðNfÞ field theory. Note
that the parameter γ appears to be irrelevant in the RG sense
(at least for jγj not too large). Indeed, for all positive and
negative values of Nc, Nf, and γ we investigated, the
universal critical behavior does not depend on γ.
IV. SUðNcÞ GAUGE MODELS WITH Nc ≥ 3
A. Numerical results
In this section, we study the critical behavior of scalar
chromodynamics for some values of Nf and of Nc ≥ 3. We
compute the scaling curve (17) and compare it with the
corresponding one computed in the CPNf−1 model. Such a
comparison provides evidence that the asymptotic zero-
temperature behavior for finite values of γ in a wide interval
around γ ¼ 0 is described by the 2D CPNf−1 field theory.
In Figs. 1 and 2, we show MC data for the two-flavor
model (3) with SU(3) gauge symmetry, i.e., for Nf ¼ 2 and
Nc ¼ 3, and γ ¼ 0. In Fig. 1, the results for the Binder
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parameter are shown as a function of β for several lattice
sizes. The curves corresponding to different lattice sizes do
not intersect, confirming the absence of a phase transition at
finite β, as expected from the Mermin-Wagner theorem.
The ratio Rξ behaves analogously. For each lattice size, Rξ
is an increasing function of β, seemingly divergent for
β →∞, but no crossing is present between curves corre-
sponding to different L values. In Fig. 2, the data of
U appear to approach a FSS curve in the large-L limit
when plotted versus Rξ, in agreement with the FSS
prediction (17). This asymptotic FSS curve is consistent
with that of the 2D CP1 universality class (equivalent to that
of the O(3) vector model, see, e.g., Ref. [11]) determined in
Ref. [19]. Moreover, scaling corrections are consistent with
the expected OðL−2Þ behavior.
The behavior of the data for different values of the
inverse gauge coupling γ shows that the FSS curve is independent of γ, at least in a wide interval around γ ¼ 0,
as can be seen from Fig. 3, where data for γ ¼ 3 are
reported. Analogous results are obtained for Nf ¼ 2 and
Nc ¼ 4; see Fig. 4.
These results should be considered as a robust evidence
that the asymptotic low-temperature behavior of two-flavor
chromodynamics with SU(3) and SU(4) gauge symmetry
belongs to the universality class of the 2D CP1 [equiv-
alently, O(3)] field theory.
In Fig. 5, we report results for the three-flavor lattice
theory with SU(3) gauge symmetry. In this case, for both
γ ¼ 0 and γ ¼ 2, data appear to approach the FSS curve
of the 2D CP2 model, obtained in Ref. [19], by numerical
simulations. This excellent agreement provides a robust
indication that the three-flavor lattice theory with SU(3)
gauge group has the same asymptotic critical behavior as
the 2D CP2 model. Analogous results are obtained for
Nf ¼ 4; see Fig. 6 for results for γ ¼ 0. The FSS curve
appears to approach that of the 2D CP3 model. We note that
for Nf ¼ 4 larger scaling corrections are present. However,
they appear to be consistent with an OðL−2Þ behavior.
4 5 6 7 8
β
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L=20      γ = 0
L=40
L=60
L=80
L=100
Nf = 2        Nc = 3
FIG. 1. Plot of U versus β for Nf ¼ 2, Nc ¼ 3, and γ ¼ 0. The
horizontal dashed line corresponds to U ¼ 5=3, the asymptotic
value for β → 0.
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FIG. 2. Plot of U versus Rξ for Nf ¼ 2, Nc ¼ 3, and γ ¼ 0.
Data approach the universal FSS curve of the 2D CP1 or O(3)
universality class (full line, taken from Ref. [19]). The hori-
zontal dashed line corresponds to U ¼ 5=3, the asymptotic
value for Rξ → 0.
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FIG. 3. Plot of U versus Rξ for Nf ¼ 2, Nc ¼ 3, and γ ¼ −3
(upper panel) and γ ¼ 3 (lower panel). Data approach the
universal FSS curve of the 2D CP1 or O(3) universality class
(full line, taken from Ref. [19]). The horizontal dashed line
corresponds to U ¼ 5=3, the asymptotic value for Rξ → 0.
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Up to now we have discussed the critical behavior of Q
correlations. However, note that the model has the addi-
tional U(1) global invariance, Eq. (8). As we have already
discussed, forNf < Nc such an invariance is only apparent,
but in principle it may be relevant for Nf ≥ Nc. To
understand its role, we have studied the behavior of an
appropriate order parameter. As discussed in Ref. [8], for
Nf ¼ Nc, an order parameter is provided by the composite
operator
Yx ¼ detφx; ð19Þ
which is invariant under both the SUðNcÞ gauge trans-
formations (6) and the global transformations φx → φxV
with V ∈ SUðNfÞ. Starting from Yx, one can define a
correlation function
GYðx − yÞ ¼ hY¯xYyi ð20Þ
and a correlation length ξY , using Eq. (14). Results for ξY
for Nf ¼ Nc ¼ 3 and γ ¼ 0 are presented in Fig. 7.
Apparently, ξY remain finite and very small (ξY ≈ 0.5) as
β increases. The U(1) flavor modes are clearly not relevant
for the critical behavior, which is completely controlled by
the U(1)-invariant modes encoded in Qx. The possibility of
a U(1) critical behavior, which would imply the presence of
a finite-temperature Berezinskii-Kosterlitz-Thouless tran-
sition [21–24], is excluded by the MC data. The behavior
we observe is completely analogous to what occurs in three
dimensions at finite temperature [8].
B. Universality class of the asymptotic
low-temperature behavior
The numerical FSS analyses reported above suggest that,
for Nc ≥ 3, the low-temperature asymptotic behavior of
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FIG. 5. Plot of U versus Rξ for Nf ¼ 3, Nc ¼ 3. Results for
γ ¼ 0 (top) and γ ¼ 2 (bottom). Data (empty symbols) approach
the universal FSS curve of the 2D CP2 universality class (CP2
results, taken from Ref. [19], are reported with full symbols). The
horizontal dashed line corresponds to U ¼ 5=4, the asymptotic
value for Rξ → 0.
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FIG. 6. Plot of U versus Rξ for Nf ¼ 4, Nc ¼ 3, and γ ¼ 0.
Data (empty symbols) approach the universal FSS curve of the
2D CP3 universality class (CP2 results, taken from Ref. [19], are
reported with full symbols). The horizontal dashed line corre-
sponds to U ¼ 17=15, the asymptotic value for Rξ → 0.
0.0 0.2 0.4 0.6 0.8
Rξ
1.0
1.1
1.2
1.3
1.4
1.5
1.6
U
L=20      γ = 0
L=40
L=60
L=80
L=100
CP1
Nf = 2        Nc = 4
FIG. 4. Plot of U versus Rξ for Nf ¼ 2, Nc ¼ 4, and γ ¼ 0.
Data approach the universal FSS curve of the 2D CP1 or O(3)
universality class (full line, taken from Ref. [19]). The hori-
zontal dashed line corresponds to U ¼ 5=3, the asymptotic
value for Rξ → 0.
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scalar chromodynamics with Nf flavors depends only on
Nf. Irrespective of the values of Nc and of γ, the critical
behavior is the same as that of the 2D CPNf−1 model.
Before presenting further arguments to support such a
conclusion, we recall some features of the 2D CPN−1 model
[11,25]. This is a 2D quantum field theory defined on a
complex projective space, isomorphic to the symmetric
space UðNÞ=½Uð1Þ × UðN − 1Þ. Its Lagrangian reads
L ¼ 1
2g
Dμz ·Dμz; z¯ · z ¼ 1;
Dμ ¼ ∂μ þ iAμ; Aμ ¼ iz¯ · ∂μz; ð21Þ
where z is an N-component complex field, and Aμ is a
composite gauge field. The Lagrangian in invariant under
the local U(1) gauge transformations zðxÞ→ eiθðxÞzðxÞ and
the global transformations zðxÞ→WzðxÞ withW ∈ SUðNÞ.
The global invariance group is SUðNÞ=ZN (again global
transformations differing by a ZN factor are gauge
equivalent).
For N ¼ 2, the CP1 field theory is locally isomorphic
to the O(3) nonlinear σ model with the identification of
the three-component real vector sax ¼
P
ij z¯
i
xσ
a
ijz
j
x, where
a ¼ 1, 2, 3 and σa are the Pauli matrices. Various lattice
formulations of CPN−1 models have been considered; see,
e.g., Refs. [26,27]. The simplest formulation is
SCP ¼ −J
X
xμ
jz¯x · zxþμˆj2 ¼ −J
X
xμ
TrPxPxþμˆ; ð22Þ
where
Pabx ¼ z¯axzbx ð23Þ
is a projector, i.e., it satisfies Px ¼ P2x. This explicitly
shows that 2D CPN−1 theories describe the dynamics
of projectors on N-dimensional complex spaces. CPN−1
models can also be obtained by considering the action (3)
with γ ¼ 0, z replacing the field φ and using U(1) gauge
fields Ux;μ.
In 2D CPN−1 models, correlations are always short-
ranged at finite β [9]. A critical behavior is only observed
for T → 0. In this limit, the correlation length increases
exponentially as [11,26]
ξ ∼ Tpec=T: ð24Þ
This behavior is related to the asymptotic-freedom property
of these models, which is shared with quantum chromo-
dynamics, the four-dimensional theory of strong inter-
actions. An analogous exponential behavior is expected
to characterize all statistical lattice theories belonging to the
same universality class, therefore also the 2DN-component
Abelian-Higgs lattice model [19] (which is a lattice version
of scalar electrodynamics), and, as we shall argue, the 2D
scalar chromodynamics with Nf flavors and Nc ≥ 3.
The numerical results reported in Sec. IVA show that
the asymptotic low-temperature behavior of the model
with Nc ≥ 3 is the same as that of the 2D CPNf−1 models
or, equivalently, of the 2D Nf-component Abelian-Higgs
model with a U(1) gauge symmetry. This is certainly quite
surprising. We shall now argue that the correspondence is
strictly related to the identical nature of the minimum-
energy configurations, which represent the background for
the spin waves that are responsible for the zero-temperature
critical behavior.
The nature of the minimum-energy configurations is
discussed in Appendix. For γ ≥ 0, such configurations are
those for which
ReTrφ†xUx;μφxþμˆ ¼ 1 ð25Þ
on each lattice link. In the Appendix, by combining exact
and numerical results, we show that, for β → ∞ and
Nc ≥ 3, by appropriately fixing the gauge, the configura-
tions that dominate the statistical average have the form
Πx ¼

V 0
0 1

; ð26Þ
where V is an SUðNc − 1Þ matrix, and
φaf ¼ 0 a < Nc;
φaf ¼ zf a ¼ Nc; ð27Þ
where zf is a unit-length Nf-dimensional vector. In other
words, the analysis shows that gauge and φ fields com-
pletely decouple. Moreover, the φ field becomes equivalent
to a single unit-length Nf-dimensional vector, which is the
fundamental field of the CPNf−1 model. Stated differently,
the operator Px becomes a projector, i.e., satisfies P2x ¼ Px,
2 4 6 8β
0
0.5
1
ξ Y
L=20
L=40
Nf = 3        Nc = 3        γ = 0
FIG. 7. Plot of the correlation length ξY associated with the
correlation function hY¯xYyi versus β. The quantity Yx is defined
in Eq. (19). Results for Nf ¼ Nc ¼ 3 and γ ¼ 0.
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for T → 0. However, we cannot yet, at this point, argue that
the large-β behavior of scalar chromodynamics and of the
CPNf−1 model is the same, because in our factorization
there is no U(1) gauge symmetry. However, our numerical
data also show that the critical behavior is only associated
with the order parameter Qx: the U(1) modes do not order
in the large-β limit. This is also confirmed by the detailed
analysis of the low-temperature configurations presented in
Ref. [8]. Therefore, in the effective theory, we can quotient
out the U(1) degrees of freedom, which are irrelevant for
the behavior of the order parameter Qx, i.e., we can
reintroduce the U(1) gauge symmetry. If this occurs, scalar
chromodynamics and CPNf−1 model are expected to have
the same critical large-β behavior.
It is interesting to observe that CPNf−1 behavior has also
been observed for several negative values of γ. This is not
an obvious result, as the system is frustrated. Also, in this
case, the result is explained by the nature of the low-
temperature configurations. As discussed in Appendix for
a specific value of γ, γ ¼ −1, the relevant configurations
can again be parametrized as in Eq. (27), modulo gauge
transformations.
This phenomenological argument explains the numerical
evidence that the asymptotic zero-temperature behaviors
for Nc ≥ 3 is the same as that of the CPNf−1 continuum
theory. Note that this scenario does not apply to non-
Abelian gauge theories with Nc ¼ 2. As discussed in
Appendix, the typical low-temperature configurations can-
not be parametrized as in Eq. (27), implying a different
critical behavior. We shall argue that it corresponds to that
of the 2D SpðNfÞ field theories.
V. SU(2) GAUGE MODELS
We now discuss the behavior of models with SU(2)
gauge symmetry. In this case, the global symmetry group
[7,8] is SpðNfÞ=Z2. In the two-flavor case, because of
the isomorphism Spð2Þ=Z2 ¼ SOð5Þ, an O(5) symmetry
emerges. Because of the symmetry enlargement, the order-
parameter field is the 2Nf × 2Nf matrix,
T lmx ¼
X
a
Γ¯alx Γamx −
δlm
Nf
; ð28Þ
where the matrix Γx is defined in Eq. (9). If f; g ¼
1;…; Nf, T lmx can be written in the block form
T f;gx ¼ Qfgx T f;gþNfx ¼ D¯fg
T
fþNf;g
x ¼ −Dfg T fþNf;gþNfx ¼ Qgfx ; ð29Þ
where
Dfgx ¼
X
ab
ϵabφafx φ
bg
x : ð30Þ
The order parameter T x is Hermitian and satisfies
JT¯ xJ þ T x ¼ 0; ð31Þ
where the matrix J is defined in Eq. (11).
ForNf ¼ 2, the matrix T x can be parametrized by a five-
dimensional real vector Φx. The first three components are
given by
Φkx ≡
X
fg
σkfgQ
fg
x ; k ¼ 1; 2; 3; ð32Þ
while the fourth and fifth components are the real and
imaginary parts of
1
2
X
fg
ϵfgD
fg
x ≡Φ4x þ iΦ5x: ð33Þ
The parametrization of T x in terms of Φx effectively
implements the isomorphism between the Spð2Þ=Z2 and
the SO(5) groups, since an Sp(2) transformation of T x
maps to an SO(5) rotation ofΦx. Moreover, the unit-length
condition for φ implies
Φx ·Φx ¼ 1: ð34Þ
The discussion of the previous section leads us to
conjecture that the global SpðNfÞ=Z2 symmetry uniquely
determines the asymptotic zero-temperature critical behav-
ior. For Nf ¼ 2, this would imply that the SU(2) gauge
theory has the same zero-temperature behavior of the O(5)
vector model. An analogous conjecture proved to be true
in the three-dimensional case [7,8]. To perform the
correct universality check for Nf ¼ 2, as discussed in
detail in Ref. [8], it is important to consider a Binder
parameter in the SU(2) gauge theory that maps onto the
usual vector O(5) Binder parameter under the isomorphism
SpðN2Þ=Z2 → SOð5Þ. The Binder parameter U defined in
Eq. (15) is not the appropriate one since it only involves
three components of Φkx; see Eq. (32). A straightforward
group-theory computation shows that the correct corre-
spondence is achieved by defining the related quantity [7,8]
Ur ¼
21
25
U: ð35Þ
As for Rξ, the quantity computed using Eq. (14) corre-
sponds exactly to the analogous quantity computed in the
O(5) vector model.
The results shown in Fig. 8 clearly support the con-
jecture. Indeed, the MC data of Ur collapse (without
appreciable scaling violations) on a unique curve when
plotted versus Rξ, which is consistent with that of the
Binder parameter U versus Rξ for the 2D O(5) vector
model (with U and Rξ defined analogously in terms of
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Φ correlations [19]). The O(5) FSS curve is obtained by
MC simulations (using the cluster algorithm) of the nearest-
neighbor O(5) vector model (2); see Fig. 9. Again the role
of the inverse gauge coupling is irrelevant. It does not
change the universal features of the low-temperature
asymptotic behavior, as shown in Fig. 10, where we report
results for γ ¼ 2 and −2.
The numerical analysis reported above leads us to
conjecture that the low-temperature asymptotic behavior
of the scalar SU(2) chromodynamics with Nf flavors
belongs to the universality class associated with the 2D
SpðNfÞ field theory. The fundamental field is a complex
2Nf×2Nf order-parameter field Ψx, which formally rep-
resents a coarse-grained version of T x, defined in Eq. (28).
It is Hermitian, traceless, and satisfies Eq. (31). If we write
Ψ ¼

A1 A2
A3 A4

; ð36Þ
where Ai are Nf × Nf matrix fields, the conditions required
are that A1 is Hermitian and traceless, A3 is antisymmetric,
A4 ¼ A¯1, and A3 ¼ −A¯2. The corresponding 2D field
theory is defined by the Lagrangian,
LSp ¼
1
g
Tr½∂μΨ†∂μΨ; TrΨ†Ψ ¼ 1: ð37Þ
For Nf ¼ 2, using the correspondence
A1 ¼
1
2

Φ3 Φ1 − iΦ2
Φ1 þ iΦ2 −Φ3

;
A2 ¼
1
2

0 Φ4 þ iΦ5
−Φ4 − iΦ5 0

; ð38Þ
one can easily show that the Sp(2) field theory is equivalent
to the O(5) σ model with Lagrangian
LO ¼
1
g
∂μΦ · ∂μΦ; Φ ·Φ ¼ 1: ð39Þ
VI. CONCLUSIONS
We have studied a 2D lattice non-Abelian gauge model
with multicomponent scalar fields, focusing on the role
that global and local non-Abelian gauge symmetries play
in determining the universal features of the asymptotic
0.0 0.2 0.4 0.6 0.8
Rξ
1.0
1.1
1.2
1.3
1.4
U
L=50       
L=100
2D O(5) vector model
FIG. 9. Plot of U versus Rξ for the O(5) vector universality
class, as obtained by MC simulations of the nearest-neighbor
O(5) vector lattice model. The full line [28] is an interpolation the
MC data up to Rξ ≲ 0.8. It provides an approximation of the
universal FSS curve, with an accuracy smaller than 0.5%
(we include the uncertainty arising from scaling corrections).
The horizontal dashed line corresponds to the asymptotic value
U ¼ 7=5 for Rξ → 0; U → 1 for Rξ → ∞.
0.0 0.2 0.4 0.6 0.8
Rξ
1.0
1.1
1.2
1.3
1.4
U
r
L=20      γ = 2
L=40
L=60
L=80
L=20      γ  =−2
L=40
L=60
L=80
O(5)
Nf = 2        Nc = 2
FIG. 10. Plot of Ur versus Rξ for Nf ¼ 2, Nc ¼ 2, and γ ¼ 2.
The data approach the O(5) FSS curve in the large L limit (full
line [28]). The horizontal dashed line corresponds to the
asymptotic value Ur ¼ 7=5 for Rξ → 0.
0.0 0.2 0.4 0.6 0.8
Rξ
1.0
1.1
1.2
1.3
1.4
U
r
L=20      γ = 0
L=40
L=60
L=80
O(5)
Nf = 2      Nc = 2
FIG. 8. Plot of Ur versus Rξ for Nf ¼ 2, Nc ¼ 2, and γ ¼ 0.
The data approach a universal FSS curve, which corresponds to
that of the standard O(5) nearest-neighbor vector model (full line,
see Fig. 9). The horizontal dashed line corresponds to the
asymptotic value Ur ¼ 7=5 for Rξ → 0.
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low-temperature behavior. The lattice model we consider is
obtained by partially gauging a maximally OðMÞ-symmetric
multicomponent scalar model, using the Wilson lattice
approach. The resulting theory is locally invariant under
SUðNcÞ gauge transformations (Nc is the number of
colors) and globally invariant under SUðNfÞ transformations
(Nf is the number of flavors). The fields belong to the
coset SM=SUðNcÞ, where M ¼ 2NfNc and SM is the
M-dimensional sphere. The model is always disordered at
finite temperature, in agreement with the Mermin-Wagner
theorem [9]. However, it develops a critical behavior in the
zero-temperature limit. The corresponding universal features
are determined by means of numerical analyses of the FSS
behavior in the zero-temperature limit.
We observe universality with respect to the inverse gauge
coupling γ that parametrizes the strength of the gauge
kinetic term; see Eq. (3). The RG flow is always controlled
by the infinite gauge-coupling fixed point, corresponding to
γ ¼ 0, as it also occurs in three dimensions [7,8], and in 2D
and 3D models characterized by an Abelian U(1) gauge
symmetry [19,29]. Indeed, models corresponding to differ-
ent values of γ have the same universal behavior for T → 0,
at least in a large interval around γ ¼ 0. We conjecture that
the same critical behavior is obtained for all positive finite
values of γ, since, by increasing γ, we do not expect any
qualitative change in the structure of the minimum-energy
configurations that control the statistical average. On the
other hand, the behavior for negative values of γ, i.e., when
the system is frustrated, is not completely understood.
Therefore, we cannot exclude that the behavior changes
for large negative values of γ. This issue remains an open
problem. It is important to note that by considering a
positive value of γ, we are effectively investigating the
behavior close to the multicritical point β ¼ ∞ and
βg ¼ βγ ¼ ∞. Our results show that approaching the point
along the lines βg=β ¼ γ does not change the universal
features of the asymptotic behavior. However, we expect
that, by increasing βg faster than β (in a well-specified
way), one can observe a radical change in the critical
behavior. For instance, if we take first the limit βg → ∞ at
fixed finite β and then the limit β → ∞, the model becomes
equivalent to the standard OðMÞ vector model, character-
ized by a different asymptotic low-temperature behavior.
The numerical results and theoretical arguments pre-
sented in this paper suggest the existence of a wide
universality class characterizing 2D lattice Abelian and
non-Abelian gauge models, which only depend on the
global symmetry of the model. The gauge group does not
apparently play any particular role. Indeed, we report
numerical evidence that, for any Nc, the asymptotic low-
temperature behavior of the multiflavor scalar gauge theory
(3) belongs to the universality class of the 2D CPNf−1
model. This also implies that it has the same universal
features of the Nf-component lattice scalar electrodynam-
ics (Abelian Higgs model) [19]. It is important to note that
the global symmetry group of model (3) is UðNfÞ, while
the global symmetry group of the CPNf−1 model is SUðNfÞ
(we disregard here discrete subgroups), so that the global
symmetry group of the two models differs by a U(1) flavor
group. As we have discussed in Ref. [8], the U(1) symmetry
is only apparent for Nf < Nc, and therefore the symmetry
groups of scalar chromodynamics and of the CPNf−1 model
are the same for Nf < Nc. This U(1) symmetry is instead
present for Nf ≥ Nc. However, our numerical results
indicate that the U(1) flavor symmetry does not play any
role in model (3). The universal critical behavior is only
associated with the U(1)-invariant modes that are encoded
in the local bilinear operator Qx, so that the global
symmetry group that determines the asymptotic behavior
is SUðNfÞ. Note, however, that the decoupling of the U(1)
flavor modes may not be true in other models with the same
global and local symmetries. If the U(1) modes become
critical, a different critical behavior might be observed.
This issue deserves further investigations.
For Nc ¼ 2, the global symmetry group changes: the
action is invariant under SpðNfÞ transformations. In this
case, the asymptotic low-temperature behavior is expected
to be described by the SpðNfÞ continuum theory. We have
numerically checked it for the two-flavor model, for which
the global symmetry Spð2Þ=Z2 ≃ SOð5Þ.
Our results lead us to conjecture that the RG flow of the
2D multiflavor lattice scalar chromodynamics in which the
fields belong to the coset SM=SUðNcÞ, whereM ¼ 2NcNf,
is asymptotically controlled by the 2D statistical field
theories associated with the symmetric spaces [10,11] that
are invariant under SUðNfÞ (for Nc ≥ 3) or SpðNfÞ (for
Nc ¼ 2) global transformations. These symmetry groups
are the same invariance groups of scalar chromodynamics,
apart from a U(1) flavor symmetry that is present for
Nf ≥ Nc > 2, which does not play any role in determining
the asymptotic behavior of the model.
This conjecture may be further extended to models with
different global and local symmetry groups, for instance, to
those considered in Refs. [10,30]. It would be interesting to
verify whether generic non-Abelian models have an asymp-
totic critical behavior which is the same as that of the model
defined on a symmetric space that has the same global
symmetry group. This issue deserves further investigations.
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APPENDIX: MINIMUM-ENERGY
CONFIGURATIONS
In this Appendix, we identify the minimum-energy
configurations for the action (3), summarizing the main
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arguments reported in Ref. [8] and extending them to the
γ ≠ 0 case.
1. Behavior for γ = 0
We start by considering the simplest case γ ¼ 0. The
global minimum is obtained by the configurations that
satisfy the maximum condition
ReTrφ†xUx;μφxþμˆ ¼ 1 ðA1Þ
on each link. This condition is trivially satisfied if
φxþμˆ ¼ U†x;μφx; ðA2Þ
which implies Qx ¼ Qxþμˆ, and, thus, the breaking of the
SUðNfÞ=ZNc symmetry for β → ∞.
If we apply repeatedly the relation (A2) along a
plaquette, we obtain the consistency condition
φx ¼ Πxφx; ðA3Þ
where Πx is the plaquette operator (4).
For Nc ¼ 2, Eq. (A3) implies that Πx is the identity
matrix. The same argument allows us to show that also
all Polyakov loops can be reduced to the identity matrix,
so that all gauge configurations are trivial. The energy-
minimum configurations can therefore be written as
φafx ¼ Wabx Abf; Ux;μ ¼ WxW†xþμˆ; ðA4Þ
where Aaf is a generic space-independent 2 × Nf complex
matrix satisfying TrA†A ¼ 1, and Wx ∈ SUð2Þ. To verify
these conclusions, we have performed simulations on a 42
lattice for very large values of β (β varies between 30 and
100). The results are reported in Table I. As expected,
ReTrΠx ¼ Nc: ðA5Þ
We have also computed U and hTrP2xi, confirming the
predictions of Ref. [8] obtained only assuming that the
configurations of minimal energy are those of the form (A4),
hTrP2xi≡ Nf þ Nc
1þ NfNc
ðA6Þ
and
U ¼ ð1þ NfNcÞðNfNc þ 4N
2
f þ N3fNc − 6Þ
ðN2f − 1Þð2þ NfNcÞð3þ NfNcÞ
; ðA7Þ
with Nc ¼ 2.
For Nc ≥ 3, the minimum-energy condition (A3) has
several classes of different solutions. If Πx satisfies
Eq. (A3), we can always write it as
Πx ¼ V ⊕ 1 ¼

V 0
0 1

; ðA8Þ
where V is an SUðNc − 1Þ matrix, modulo a gauge trans-
formation. The corresponding configurations of the fields
φx depend on the structure of the matrix V. If V is a generic
unitary matrix which does not have unit eigenvalues,
Eq. (A3) implies that the field φ is necessarily given by
φaf ¼ 0 a < Nc;
φaf ¼ zf a ¼ Nc; ðA9Þ
where zf is a unit Nf-dimensional vector. Different φ
configurations are only possible if V has some unit
eigenvalues. For instance, if V ¼ V1 ⊕ 1, with V1 belong-
ing to the SUðNc − 2Þ subroup, then the φ field configu-
rations of the form
φaf ¼ 0 a < Nc − 1;
φaf ¼ wf a ¼ Nc − 1;
φaf ¼ zf a ¼ Nc ðA10Þ
(zf and wf are generic Nf-dimensional vectors) satisfy the
condition (A3). To understand which type of configurations
dominate, we have again resorted to numerical simulations
on small lattices. The results are reported in Table I. For Πx,
results are consistent with
hReTrΠxi ¼ 1: ðA11Þ
This relation is consistent with Eq. (A8) only if we assume
that the matrix V is a randomly chosen SUðNc − 1Þ matrix.
TABLE I. Asymptotic values for β → ∞ on a 42 lattice for γ ¼ 0.
ðNc;NfÞ hRe TrΠxi=Nc Sg=ð2NfÞ U Eq. (A7) hTrP2xi Eq. (A6)
(2, 2) 1.000 04(2) −1.000 00ð1Þ 1.191 (2) 1.190 48… 0.800 (1) 0.8
(2, 3) 1.000 00(2) −0.999 994 ð7Þ 1.094 (1) 1.093 75… 0.714 (1) 0.714 286…
(3, 2) 0.342 1(3) −0.999 998 ð8Þ 1.000 000 0(5) 1.000 02(2)
(3, 3) 0.350 1(4) −1.000 00ð1Þ 1.000 000 (2) 0.999 99(2)
(4, 2) 0.253 4(2) −0.999 997 ð7Þ 1.000 000 0(5) 1.000 01(2)
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For instance, if V¼V1⊕1with a generic V1∈SUðNc−2Þ,
one would instead predict hReTrΠxi ¼ 2. This result
constraints the field φ to be of the form (A9). If this is
the case, the operator P takes the form Pfg ¼ z¯fzg in the
large-β regime. Therefore, P becomes a projector and TrP2
is predicted to be one. Analogously, also the Binder
parameter should converge to one. The numerical results
reported in Table I are in perfect agreement.
2. Behavior for γ ≠ 0
Let us now determine the minimum-energy configura-
tions for γ > 0. For Nc ¼ 2, the introduction of a positive γ
is of course irrelevant: the gauge part of the action is already
minimized for γ ¼ 0. The analysis for Nc ≥ 3 is instead
more tricky. If we define βg ¼ βγ, fixing the value of γ
corresponds to considering a particular way of approaching
the limiting point β ¼ βg ¼∞. We will now argue that the
relevant φ configurations, that is those that dominate the
ensemble average, strongly depend on how the limit is
taken. Imagine that one first takes the limit βg → ∞ at
fixed, finite β and then the limit β → ∞. In this case, the
limiting configurations would have the form (A4) and
hTrP2xi and U would assume the values (A6) and (A7),
respectively. On the other hand, consider the opposite
approach: first, we take the limit β →∞ at fixed, finite
βg, followed by βg → ∞. For finite βg, the operator Πx
should have the form (A8). The matrix V would not be
random (it should become closer to the identity as βg
increases). Nonetheless, it is not expected to have an
eigenvector with an eigenvalue exactly equal to one.
There, the relevant φ configurations should always be of
the form (A9). It is not possible to predict a priori what are
the relevant configurations if the limit is taken keeping the
ratio γ ¼ βg=β fixed and we have therefore performed
simulations on very small lattices. Results for γ ¼ 1 are
reported in Table II. For Nf ¼ 2, results on a lattice with
L ¼ 4 are definitely consistent withU¼1 and hTrP2xi ¼ 1.
For Nf ¼ 3, we observe significantly larger size correc-
tions. We have performed a detailed study for Nc ¼ 3.
We observe that the data converge to the expected results
U ¼ 1 and hTrP2xi ¼ 1. U converges quite fast, while the
second quantity converges with the expected behavior L−2.
For Nf ¼ 4, size corrections are even larger, but the
extrapolations are again consistent with the expected
results. If we extrapolate the estimates of hTrP2xi reported
in Table II assuming corrections that decay as 1=L2, we
obtain results that are consistent with one.
Let us finally discuss the case γ < 0, which is much less
obvious, as the system shows frustration. Indeed, if we
minimize the contribution of the action that depends on the
fields φ, we obtain the consistency condition (A3), which
requires each plaquette to have at least one unit eigenvalue.
On the other hand, minimizing the plaquette term we would
expect the plaquette Πx to converge to −I or −eiαI, for
even or odd Nc, respectively, where I is the Nc × Nc
identity matrix and α ¼ π=Nc [correspondingly, TrΠx
would converge to −Nc or −Nc cosðπ=NcÞ]. Therefore,
one cannot simultaneously minimize all local contribu-
tions: the system is frustrated.
To understand the effective behavior along the lines
βg ¼ γβ, we have again studied numerically the system for
a specific value of γ, γ ¼ −1. The results are reported in
Table III. Per Nc ¼ 2, they show the clear presence of
frustration. The plaquette is not identical to the matrix −I
and the minimal condition (A1) is not satisfied. Nonethe-
less, the estimates of the Binder parameter and of the trace
of P2x are completely consistent with the results obtained
for γ ¼ 0. Even for γ ¼ −1, the fields φ are uniformly
distributed on the N-dimensional sphere (N ¼ 4Nf).
TABLE II. Asymptotic values for β → ∞ on a L2 lattice for γ ¼ 1. Here Sϕ is the part of the action (3) that
depends on the φ field (for γ ¼ 0 we have Sg ¼ Sϕ).
ðNc;NfÞ hRe TrΠxi=Nc Sϕ=ð2NfÞ U Eq. (A7) hTrP2xi Eq. (A6) L
(2, 2) 1.000 018 (8) −1.000 006 ð6Þ 1.190 5(5) 1.190 476… 0.800 0(3) 0.8 4
(2, 3) 0.999 997 (3) −1.000 002 ð3Þ 1.093 7(4) 1.093 750… 0.714 4(5) 0.714 286… 4
(3, 2) 1.000 0(1) −1.000 00ð1Þ 1.005 0(3) 0.979 5(8) 4
(3, 3) 0.999 97(2) −1.000 003 ð6Þ 1.031 3(7) 0.883 (3) 4
(3, 3) 0.999 999 (6) −0.999 997 ð3Þ 1.004 72(6) 0.950 7(4) 6
(3, 3) 1.000 007 (8) −1.000 000 ð5Þ 1.001 00(1) 0.974 6(1) 8
(3, 3) 1.000 017 (7) −0.999 999 ð2Þ 1.000 32(1) 0.985 36(6) 10
(3, 3) 1.000 00(2) −0.999 997 ð2Þ 1.000 13(1) 0.990 5(1) 12
(3, 3) 1.000 015 (8) −0.999 999 ð1Þ 1.000 045 (3) 0.994 6(2) 15
(3, 4) 1.000 0(1) −1.000 004 ð4Þ 1.052 0(5) 0.764 (2) 4
(3, 4) 0.999 99(1) −0.999 998 ð3Þ 1.004 60(9) 0.949 9(3) 6
(3, 4) 1.000 01(1) −1.000 000 ð2Þ 1.000 99(1) 0.974 6(5) 8
(3, 4) 1.000 01(1) −1.000 002 ð3Þ 1.000 32(1) 0.985 17(7) 10
(4, 2) 0.999 98(2) −0.999 998 ð7Þ 1.001 4(2) 0.988 1(3)
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We conclude that γ plays a role only on the gauge
properties, but not on the behavior of φ correlations, which
dominate the large-β behavior.
For Nc ¼ 3, the results for the trace of the plaquette are
completely consistent with Πx ¼ diagð−1;−1; 1Þ. In other
words, the relevant gauge configurations have the same
structure that holds for γ ¼ 0, Eq. (A8). The only difference
is that the matrix V is no longer a random SU(2) matrix, but
is simply −I (where I is the two-dimensional identity).
Finally, we have some results for Nc ¼ 4. In this case, it is
difficult to take the limit β → ∞, using data in the range
10 ≤ β ≤ 150 as data still significantly change as β
increases. For P2 and U, results are close to the expected
ones. For a system of size L ¼ 4, we obtain for the average
trace of P2x, 0.951 and 0.984 for Nf ¼ 2 and β ¼ 50, 150,
respectively (statistical errors are very small, of order 10−5);
for Nf ¼ 5, we obtain instead 0.931 and 0.978 again for
β ¼ 50, 150. Again, results are consistent with a limiting
value of one.
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